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Abstract. A representation of the Jacobi algebra f)i xi su(l, 1) by first order differ- 
ential operators with polynomial coefficients on the manifold C x Di is presented. The 
Hilbert space of holomorphic functions on which the holomorphic first order differen- 
tial operators with polynomials coefficients act is constructed. 
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1. Introduction 

In this paper we deal with realizations of finite-dimensional Lie algebras by first- 
order differential operators on homogeneous spaces. Our method, firstly developed in 
jH] , permits to get the holomorphic differential action of the generators of a continuous 
unitary representation vr of a Lie group G with the Lie algebra g on a homogeneous 
space M = G/H. We consider homogeneous manifolds realized as Kahler coherent 
state (CS)-orbits obtained by the action of the representation vr on a fixed cyclic vector 
Co belonging to the complex separable Hilbert space J{ of the representation We 
have applied our method to compact (non-compact) hermitian symmetric spaces in j7] 
(respectively, [S]) and we have produced simple formulas which show that the differential 
action of the generators of a hermitian group G on holomorphic functions defined on 
the hermitian symmetric spaces G/H can be written down as a sum of two terms, one a 
polynomial P, and the second one a sum of partial derivatives times some polynomials 
Q-s, the degree of polynomials being less than 3. This is a generalization of the well 
known realization of the generators Jo,+,- of the group G = SU(2) (and similarly 
for its non-compact dual G = SU(1, 1)) on the homogeneous manifold G/\J{1) by the 
differential operators J+ = — ^, JI_ = —2jz + z'^-^, Jo = j — z^, where the generators 
verify the commutation relations [Jo, J±] = ±J±, [J-, J+] = — 2Jo and JqCo = —jeo- 

In [in], [131 ^6 have generalized the results of [7], [H] to Kahler CS-orbits of semisimple 
Lie groups. The differential action of the generators of the groups is of the same type 
as in the case of hermitian symmetric orbits, i.e. first order differential operators with 
holomorphic polynomial coefficients, but the maximal degree of the polynomials is 
grater than 2. We have presented explicit formulas involving the Bernoulli numbers 
and the structure constants for semisimple Lie groups PU], ^M- The simplest example 
in which the maximum degree of the polynomials multiplying the derivative is already 
3 was worked out in detail in fTU], where we have constructed CS on the non- 
symmetric space M := SU(3)/S(U(1) x U(l) x U(l)). 

Let us now recall the standard Segal-Bargmann-Fock [3] realization a ^— a+ ^— > z 
of the canonical commutation relations (OCR) [a, a~^] = 1 on the symmetric Fock space 

g^^ := r^ol(C, ^ exp{-\z\'^)dzAdz) attached to the Hilbert space :K := L'^{R, dx). The 
Segal-Bargmann-Fock realization can be considered as a representation by differential 
operators of the real 3-dimensional Heisenberg algebra fii = Qhw =< isl + za~^ — 
za >se]R;26c of the Heisenberg- Weyl group (HW) iJi, where if„ denotes the (2n -|- 1)- 
dimensional HW group. We can look at this construction from group-theoretic point 
of view, considering the complex number z as local coordinate on the homogeneous 
manifold M := Hi/M. = C Glauber [SD] has attached field coherent states to the 
points of the manifold M. 

In the present paper we are interested in representations of Lie algebras which are 
semi-direct sum of Heisenberg algebras and semisimple Lie algebras by first order dif- 
ferential operators with holomorphic polynomials coefficients. The most appropriate 
framework for such an approach is furnished by the so called CS-groups, i.e. groups 
which admit an orbit which is a complex submanifold of a projective Hilbert space 
|1H1jIS2]- Indeed, such groups contain all compact groups, all simple hermitian groups, 
certain solvable groups and also some mixed groups as the semi-direct product of the 
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HW group and the symplectic group j^. In reference fl] we have advanced the 
hypothesis that the generators of CS-groups admit representations by first order differ- 
ential operators with holomorphic polynomials coefficients on CS-manifolds. Here we 
just present exphcit formulas for the simplest example of such a representation of the 
Lie algebra semi-direct sum of the three-dimensional Heisenberg algebra f)i and the 
algebra of the group SU(1, 1) acting on it in the canonical fashion, := f)i x su(l, 1), 
called Jacobi algebra (cf. [28j or p. 178 in [HI])- The case of the Jacobi algebra 
= f}n X sp(n, M) is treated separately ^3]. Let us remained also that the Jacobi 
algebra q:^, also denoted st(n,R) by Kirillov in §18.4 of jl21 or tsp(2n + 2,M) in 
is isomorphic with the subalgebra of Weyl algebra An (see also [23) of polynomials of 
degree maximum 2 in the variables Pi, ■ ■ ■ ,Pn, Qi-, ■ ■ ■ ■, In with the Poisson bracket, while 
the Heisenberg algebra f)„ is the nilpotent ideal isomorphic with polynomials of degree 
< 1 and the real symplectic algebra sp(n, R) is isomorphic to the subspace of symmetric 
homogeneous polynomials of degree 2. In this paper we study the 6-dimensional Jacobi 
algebra q{ and we denote it just g'', when there is no possibility of confusion with q^- 

The representations of the Jacobi group were investigated also by the orbit method 
|42l I43j ■ starting from a matrix representation (see p. 182 in of the Jacobi algebra 
0'^ in [Tnil2ni- Our method is inspired from the squeezed states of Quantum Optics, see 
e.g. the reviews [Uni E21 12ni I2Z| • It is well known that for the harmonic oscillator CSs 
the uncertainties in momentum and position are equal with 1/ \/2 (in units of h). "The 
squeezed states" [HI UHl 1211 lEHl ISHl Ell are the states for which the uncertainty 
in position is less than l/\/2. The squeezed states are a particular class of "minimum 
uncertainty states" (MUS) [20], i.e. states which saturates the Heisenberg uncertainty 
relation. In the present paper we do not insist on the applications of our paper to 
the squeezed states, the Gaussian states [HHIII], disentangling theorems, i.e. analytic 
Backer-Campbell-Hausdorff relations defined from a 4 x 4-matrix representation of the 
Jacobi algebra, or nonlinear coherent states Let us just mention that "Gaussian 
pure states" ("Gaussons") jHO] are more general MUSs. In fact, as was shown in pp, 
these states are CSs based on the manifold •= ^ ^^^") where 3i„ is the Siegel upper 
half plane "Kn ■= {Z G M„(C)|Z = U + tV,U,V e Mn{R),'^{V) >0,U' = U; V = V}. 
Mn{R) denotes the n x n matrices with entries in i?, i? = M or C and X* denotes the 
transpose of the matrix X. In ^Ij we have started the generalization of CSs attached 
to the Jacobi group G( = Hi y\ SU(1, 1) to the Jacobi group = Hn x Sp(n,M). 
The connection of our construction of coherent states based on V'^ = C" x D„ ^14j and 
the Gaussons of jUU] is a subtle one and should be investigated separately. Dn denotes 
the Siegel ball D„ := {Z e M„(C)|Z = Z\ 1 - ZZ > 0}. In glwe indicate the clue 
of this connection in the present case, n = 1, which is offered by the Kahler-Berndt's 
construction, shortly sketched in the same section ^ The only physical applications 
are contained in [JHJ where we use the expressions of the generators of the Jacobi group 
G{ to determine the quantum and classical evolution on the manifold "Df, generated 
by a linear Hamiltonian in the generators of the group. 

We emphasize that some of the results obtained in this paper, as the reproducing 
kernel or the group action on the base manifold, can be obtained as particular cases 
of some of the formulas in Chapter HI, Propositions 5.1-5.3 in |59j and §XII.4 in j52j . 
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We also stress that some of the formulas presented here appear in the context of au- 
tomorphic Jacobi forms [2H1 IH] -this denomination is inspired by the book [56j. The 
Jacobi group can be associated (see Chapter 5 entitled "Kdhler's New Poincare group" 
in the article "Survey of Kdhler's mathematical work and some comments" of K. Berndt 
and O. Riemenschneider in jlU]) with the group investigated by Kahler ^J7\ 1^ IH^ 
as a group of the Universal Theory of Everything, including relativity, quantum me- 
chanics and even biology. In the paper [37, Kahler has determined the structure of 
the real 10-dimensional Lie algebra of the {Poincare or New Poincare) group 
and has realized this algebra by differential operators in four real variables. However, 
our approach and the proofs are independent and, we hope, more accessible to people 
familiar with the coherent state approach in Theoretical Physics and in Mathematical 
Physics. Moreover, as far as we know, some of the formulas presented in this paper are 
completely new, e.g. ()7.8|) expressing the base of polynomials defined on the manifold 
Tif - the homogeneous space of the Jacobi group Gf, acting by biholomorphic maps, 
or the resolution of unity ()7.14p - ()7.15p . 

In order to facilitate the understanding of all subsequent sections, we present in ^the 
general setting concerning the CS-groups: ^2.1l brieflv recalls the definition of CS-groups 
and ^2.21 defines the space of functions, called the symmetric Fock space, on which the 
the differential operators act f ^2.3|) . However, we shall not enter into a detailed analysis 
of the root structure of CS-Lie algebras keeping the exposition as elementary as 
possible, ^presents the Jacobi algebra g'^. Perelomov's CS-vectors associated with 
the Jacobi group G( (cf. denomination used in [11] or at p. 701 in [52]) are based on 
the complex homogeneous manifold M := "Df. The differential action of the generators 
of the Jacobi group is given in Lemma ^ of |3] The operators a and a+ are unbounded 
operators, but it is enough to work on the dense subspace of smooth vectors of the 
Hilbert space of the hermitian representation (cf. p. 40 in jS2] and also ^2.31 of our 
paper). In Lemma|21of ^we calculate the reproducing kernel K : T>1 x C. Some 

facts concerning the representations of the HW group Hi and SU(1, 1) are collected 
in ^6.11 Several relations are obtained in ^6.21 as a consequence of the fact that the 
Heisenberg algebra is an ideal of the Jacobi algebra, and we find how to change the 
order of the representations of the groups HW and SU(1,1). Some of the relations 
presented in ^6.21 have appeared earlier in connection with the squeezed states IH] in 
Quantum Optics [63j. The main result of ^6. 31 is given in Proposition Q which expresses 
the action of the Jacobi group on Perelomov's CS-vectors. Remark 1^1 establishes the 
connection of our results in the context of coherent states with those obtained in the 
theory of automorphic Jacobi forms j2H]- In ^7. 31 we construct the symmetric Fock space 
attached to the reproducing kernel K from the symmetric Fock spaces associated with 
the groups HW (cf. ^Tl\ and SU(1, 1) (cf. ^T^ . The Gf-invariant Kahler two-form 
a;, the Liouville form and the equations of geodesies on the manifold Df are calculated 
in ^7.41 Proposition El summarizes all the information obtained in ^ concerning the 
symmetric Fock space 3^k attached to the reproducing kernel K for the Jacobi group 
Gf, while Proposition El gives the continuous unitary holomorphic representation tt^ 
of Gf on 3^K- Simple applications to equations of motion on determined by linear 
Hamiltonians in the generators of the Jacobi group are presented in ^ The equation of 
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motion is a matrix Riccati equation on the manifold D/. In order to compare our Kahler 
two-form oj with that given by E. Kahler (see [lOj, which reproduces [SZlEHlEni) and 
R. Berndt jT7l[Tn], we express in ^our uj in coordinates on in appropriate (called 
in EZ) coordinates in . The Kahler-Berndt's two-form is in fact the Kahler two- 
form attached to the manifold Xf on which are based the Gaussons considered in jnOI in 
the case n=l. ^lUI contains some more remarks referring to the connection between the 
formulas proved in the present article for the Jacobi algebra and the formalism used in 
for CS-groups. In order to be self-contained, two formulas referring to the groups 
HW and SU(1, 1) are proved in the Appendix. 

2. Coherent states: the general setting 

2.1. Coherent state groups. Let us consider the triplet (GjVTjIK), where tt is a con- 
tinuous, unitary representation of the Lie group G on the separable complex Hilbert 
space "K. Let us denote by IK°° the smooth vectors. 

Let us pick up eo G IK°° and let the notation: Cg^ := TT{g).eo,g G G. We have an 
action G x IK°° 'K°°, g.eo := eg^. When there is no possibility of confusion, we write 
just eg for eg,o- 

Let us denote hj [] : "K^ := IK\{0} P(J{) = [K^/ ~ the projection with respect to 
the equivalence relation [Ax] ~ [x], A G C^ x G So, [.] : ^ P(J{), [v] = Cv. 
The action G x :K°° ^ :K~ extends to the action G x P(J{°°) P(:K~), g.[v] := [g.v]. 

For X E g, where g is the Lie algebra of the Lie group G, let us define the (unbounded) 
operator d7i{X) on Ji by d7i{X).v := d/dt\^^Q'7i{exptX).v, whenever the limit on the 
right hand side exists. We obtain a representation of the Lie algebra g on 'K°°, the 
derived representation, and we denote X.v := d'n'{X).v for X G g,f G IK°°. Extending 
dn by complex linearity, we get a representation of the universal enveloping algebra 
of the complex Lie algebra gc on the complex vector space 'K°°, dn : § := 'U(gc) 
So(^°°). Here i?o(^°) C 'C(J{), where :K° := denotes the subset of linear operators 
A : which have a formal adjoint (cf. p. 29 in [521). 

Let us now denote by H the isotropy group H := G[eo] := {g G G\g.eo G Ccq}. 
We shall consider (generalized) coherent states on complex homogeneous manifolds 
M = G/H [23], imposing the restriction that M be a complex submanifold o/P(3i°°). 
In such a case the orbit M is called a CS-manifold and the groups G which generate 
such orbits are called CS-groups (cf. Definition XV.2.1 at p. 650 and Theorem XV. 1.1 
at p. 646 in [52]), while their Lie algebras are called CS-Lie algebras. 

The coherent vector mapping is defined locally, on a coordinate neighborhood Vq, 
ip : M —y Oi, ip{z) = 62 (cf. |II]), where !K denotes the Hilbert space conjugate to !K. 
The vectors G 5{ indexed by the points z E M are called Perelomov's coherent state 
vectors. The precise definition depends on the root structure of the CS-Lie algebras 
and we do not go into the details here (see lllj), but only in ^ITUl we just specify the 
root structure according to |E2] in the case of the Jacobi algebra. 

We use for the scalar product the convention: (Ax, y) = A(x, y), x, ?/ G J{, A G C. 

2.2. The symmetric Fock space. The space of holomorphic functions (in fact, holo- 
morphic sections of a certain G-homogeneous line bundle over M [52], ^I]) 3^:k is defined 
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as the set of square integrable functions with respect to the scalar product 

(2.1) {f,gh^ = [ f{z)giz)duM{z,z), 

J M 

foo\ A ( -\ ^m{z,z) 

(2.2) di^M{z,z) = — -. 

(es, es) 

Here Qm is the normahzed G-invariant volume form 

(2.3) Qm ■■= (-1)^2) ujA. . ^.Au , 

n times 



and the G-invariant Kahler two-form cj on the 2n-dimensional manifold M is given by 

dzadzp 



(2.4) u{z) = i ^ 9a,i3dza A dzp, SaA^) = r^-^ log(es, e-, 

a,f3 



It can be shown that 1)2.11) is nothing else that Parseval overcompletness identity ^H] 



(2.5) [ip^^il)^)= j {ipi,e2){e^,ilj2)diyM{z,z), {iIji,iIj2 e 

Jm=g/h 

It can be seen that relation ()2.1|) (or ()2.5p ) on homogeneous manifolds fits into Rawns- 
ley's global realization [58J of Berezin's coherent states on quantizable Kahler manifolds 
[T3] . modulo Rawnsley's "epsilon" function jSHlEll, a constant for homogeneous quan- 
tization. If (M, u) is a Kahler manifold and (L, h, V) is a (quantum) holomorphic line 
bundle L on M, where h is the hermitian metric and V is the connection compatible 
with the metric and the complex structure, then h{z,^) = (e^, e^)"^ and the Kahler 
potential / is / = — \ogh{z) (see e.g. 0). 

Let us now introduce the map 

(2.6) $ : JC'^ ^ 9^:k,$(^) := A,/v(^) = *(^)(^) = (<^(^),^):k = (e.-,^):H, z e Vq, 

where we have identified the space J{ complex conjugate to with the dual space IK* 
of J{. _ 

It can be defined a function K : M x M C, which on Vq x Vq reads 

(2.7) K{z,w) := K^{z) = {ez,eu,):K- 

For CS-groups, the function K ()2.7)1 is a positive definite reproducing kernel; the 
symmetric Fock space 3^:k (or 3^k ) is the reproducing kernel Hilbert space of holomorphic 
functions on M , "Kk C C''^, associated to the kernel K ()2.7j) . and the evaluation map 
$ defined in ()2.fij) extends to an isometric G-equivariant embedding !K* J'jf 



(2.8) (^i,^/>2)j<;* = ($(V'i),'^'(^2))^5, = (/^i,/^2)^5t = / f^,iz)f^,{z)diyM{z) 



M 



Sometimes the kernel K is considered as a Bergman section 54^ of a certain bundle over 
M X M, firstly considered by Kobayashi ^46^, see Chapters V-VIII in [211 and Chapter 
XII in 1221. 
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2.3. Representation of CS-Lie algebras by differential operators. Let us con- 
sider again the triplet {G, tt, "K). The derived representation dn is a hermitian represen- 
tation of the semi-group S := IL{qc) on (cf. p. 30 in |S2])- The unitarity and the 
continuity of the representation vr imply that id7c{X)\:y{oc, is essentially selfadjoint (cf. 
p. 391 in Let us denote his image in So(J{°°) by Am := dn{§). If $ : J{* S^jc 

is the isometry ()2.6p . we are interested in the study of the image of Am via $ as subset 
in the algebra of holomorphic, linear differential operators, <I>Am$~^ := Am C Dm- 

The set Dm (or simply D) of holomorphic, finite order, linear differential operators 
on M is a. subalgebra of homomorphisms J{omc(07v/, Oa/) generated by the set Om 
of germs of holomorphic functions of M and the vector fields. We consider also the 
subalgebra 21m of Am of differential operators with holomorphic polynomial coefficients. 
Let U := Vq C M, endowed with the local coordinates (zi, Z2, - ■ ■ , Zn). We set di := 
and 9" := ff^^d^^ ■ ■ ■ 9"", a := (ai, 0^2, ■■ ■ , a„) G N". The sections of Dm on f/ are 
A: f ^ J2a^o^^°' f y '^a £ r([/, 0), Oq-s being zero except a finite number. 

For k E N, let us denote hj Dk the subset of differential operators of degree < k. 
The filtration of D induces a filtration on 21. 

Summarizing, we have a correspondence between the following three objects: 

(2.9) Qc ^ X X e Am ^ X E Am C Dm, differential operator on J'jf. 

Moreover, it is easy to see [llj that z/$ is the isometry fl2.6|) . then ^d7i{Qc)^~^ ^ Di 
and we have 

(2.10) Qc^X^XeDi; X,(/^(z)) = X,(e„^) = (e,-,XV'), 
where 

(2.11) MUi^)) = {Px{z) + J2Qxi^)-^^ Ui^)- 

In jTTj we have advanced the hypothesis that for CS- groups the holomorphic functions 
P and Q in ()2.11|) are polynomials, i.e. A C 2li C Di. 

In this paper we present explicit formulas for 1)2.111) in case of the simplest example 
of a mixed group which is a CS-group, the Jacobi group . We start with the Jacobi 
algebra. 

3. The Jacobi algebra 

The Heisenberg-Weyl group is the group with the 3-dimensional real Lie algebra 
isomorphic to the Heisenberg algebra 

(3.1) P)i = gnw =< isl + xa+ - xa >sm,xec, 

where a"^ (a) are the boson creation (respectively, annihilation) operators which verify 
the CCR (jSSlD. 

Let us also consider the Lie algebra of the group SU(1, 1): 

(3.2) su(l, 1) =< 2ieKo + yK+ - yK_ >em,yec, 
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where the generators -ft'o,+,- verify the standard commutation relations ()3.5bj) . We 
consider the matrix realization 

(3.3) 

Now let us define the Jacobi algebra as the the semi-direct sum 

(3.4) 0^=[)lxsu(l,l), 

where ()i is an ideal in q(, i.e. g{] = f)i, determined by the commutation relations: 

(3.5a) [a, a^] = 1, 

(3.5b) [i^o, K±\ = ±K± , [K^, = 2Ko, 

(3.5c) [0.,-^+] = ct^ , [-^-jQ''*'] = 0,, 

(3.5d) [K+,a+] = [K_,a] = 0, 

(3.5e) [Kq, a+] = ia+, [Ko,a] = ~a. 



4. The differential action 

We shall suppose that we know the derived representation dn of the Lie algebra q( 
(j3.4|) of the Jacobi group G(. We associate to the generators a, a+ of the HW group and 
to the generators -K^o,+,- of the group SU(1, 1) the operators a, a"*", respectively i^o,+ 
where (0+)+ = a, Kq = Kq,K^ = K^, and we impose to the cyclic vector cq to 
verify simultaneously the conditions 

(4.1a) aeo = 0, 

(4.1b) K_eo = 0, 

(4.1c) Koeo = keo] k> 0,2k = 2,3,.... 

We consider in ()4.1c|) the positive discrete series representations of SU(1, 1) (cf. §9 
inEl). 

Perelomov's coherent state vectors associated to the group G( with Lie algebra the 
Jacobi algebra (j3.4j) . based on the manifold M: 

(4.2a) M := i/i/M x SU(1, 1)/U(1), 

(4.2b) M = 'D(:=Cx Vi, 

are defined as 

(4.3) e,,^ := e'''^+'"^+eo, z e C, \w\ < 1. 

The general scheme ()2.9p associates to elements of the Lie algebra q differential oper- 
ators: X G — X G Di. The space of functions on which these operators act in the 
case of the Jacobi group will be made precise in ^ 

The following lemma expresses the differential action of the generators of the Jacobi 
algebra as operators of the type 2ti in two variables on M. 
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Lemma 1. The differential action of the generators (j3.5a|l - ()3.5e|l of the Jacobi algebra 
(j3.4j) is given by the formulas: 

(4.4a) a= —; = z + w—; 

(4.4b) K_ = — ; Ko = A; + -z— + w—; 

aw 1 az aw 

X d d 

(4.4c) K+ = -z^ + 2kw + zw— + w'^—, 

2 az aw 

where z G C, |w| < 1. 

Proof. With the definition ()4.3p . we have the formal relations: 

aw 

The proof is based on the general formula 

(4.5) Ad(expX) = exp(adx), 

valid for Lie algebras g, which here we write down explicitly as 

(4.6) Ae^ = e^(A - [X, A] + [X, A]] + ■ ■ ■ ), 

and we take X = za^ + wKj^ because of the definition ()4.3j) . 

1) Firstly we take in (gH) A = a. Then [X, A] = -z - wa+] [X, [X, A]] = 0, and 

ae^ = e^{a + z + wa'^); 

d 

ae^co = (z + w—)e^eo. 

az 

2) Now we take in (gS)) A = Kq. Then [X, A] = -|a+ - wK+; [X, [X, A]] = 0, and 

z d d 
Koc^y, = {k + -— + w—)e^^^. 

2 az aw 

3) Finally, we take in (jl?^ A = K . We have [X, A] = -za - 2wKo, and 

[X,[X,A]] = [za+ + wK+,-za~2wKo\ 

= -z^ [a+ ,a]-2zw [a+ , Kq] - wz [K+ ,a]-2w^ [K+ , Kq] 
= z^ + 2zwa+ + 2w^K+. 

Using ()4.(ij] . we have 

Ae^eo = e^[K_ + {za + 2wKo) + ^{z^ + 2wza+ + 2w^K+)]eo 

= {2wk + ^ + wz-^+w^^)e^eo. 
2 az aw 

Now we do some general considerations. For X G g, let X.Cz '■= X^Cz- Then 

But (eg, X.e^/) = {X~^ .6^,62') and finally, with equation ()2.10|) . we have 

(4.7) ^^/(eg, eg/) = X+(eg, eg/) 
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With observation ()4.7j) and the previous calculation, Lemma Q is proved. ■ 
Comment 1. We illustrate ()4.7j) for X = a. Then it can be checked up that 

(-' -' ^ \( \ - ^ ( \ ^ ( \ 

oz' OZ 1 — ww' 

where the kernel has the expression ()5.3|) calculated below. 

5. The reproducing kernel 

Now we calculate the reproducing kernel K on the base manifold M = Tif as the 
scalar product of two Perelomov's CS- vectors ()4.3|) . taking into account the conditions 
()4.ip and the orthonormality of the basis of the Hilbert spaces associated with the 
factors of the Jacobi group. 

Lemma 2. Let K = K{z,w,z,w), where z & C, w G C, \w\ < 1, 

(5.1) K := (eo, e'''+^^-e'''^+'"^+eo). 
Then the reproducing kernel is 

/r ox -\-2k 2zz + z'^w + z'^w 

(5.2) K = (l-ww) ^"exp ^ . 

^ ^ V ; F 2(1 -ww) 

More generally, the kernel K : x Ti^ — * C is: 

fr ^\ T^i -I -i\ , \ -i\-2k 2z'z + z'^w' + z''^w 

(5.3) K[z,w;z ,w) := [ez,u„ez',w') = [I - WW ) exp — — . 

2(1 — ww') 

Proof. We introduce the auxiliary operators: 



(5.4a) = i(a+)2 + KV, 



(5.4b) = ^a'^ + K'_, 

(5.4c) Ko = ^ia^a + ^) + K'„ 

which have the properties 

(5.5a) K'_eo = 0, 

(5.5b) K'qCo = k'co; k = k' + 

(5.6a) [K, a] = [<, a+] = 0, a = ±, 0, 

(5.6b) [K'„ K'^] = ±K'^- K'^] = 2K',. 

Using the fact that ek^k+m is an orthonormal system (see also ^7. 21 and the Appendix), 
where 

r(2A;) 



(5.7) 



m!r(m + 2k) 
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the relation (see e.g. equation 1.110 in ||31j ) 

(5.8) (i-xr = f 

and the orthonormahty of the n-particle states (see also §7. II and the Appendix): 

(5.9) In >= (n!)"^(a+)"|0 >; <n',n>=5„„/, 
it is proved the relation 

(5.10) (eo, e'^^'-e'^'^'+eo) = (1 - w'w)-^''' . 



We introduce the notation 
(5.11) E = E{z, w) := e^'^^+^('^^)' = J] 



p ( 1E\<1 



p\ q\ 

p,q>o ^ ^ 



With the change of variable: n : = p + 2g, i.e. p = n — 2q, equation ()5.11|) becomes 

--EE^d)^^)" 

n>0 9=0 ^ ^ 

Recalling that the Hermite polynomials can be represented as (cf. equation 10.13.9 in 
0) 

\-] 

I- ^ J { T { r\ \n—2m 

(5.12) H^{x) =n\Y: ^ , ^ 1 , 

^-^ m\{n — 2my. 



the expression ()5.1ip becomes 

(-3) .,,„)^5:£i(|)»H„(-^) 



n>0 

Then 

K := K{z,w-^,w') = (e,,^,e,,^0 = (eo, e^"'^+'^^-e^''^^+'"'^+eo). 
But due to equations ()5.4a|) . ()5.4b|) . K can be written down as 

K = (eo,e^""+f'^'e'^^'-e'"'^+e^''^^+'^("^)'eo). 

Let the notation 

F := F{z'w; z, w) = (cq, E^{z , w')E{z, w)eo). 
Because of the orthonormahty relation (j5.9|) . {e^, a"'' {a~^)^eo) = n\5nn', we get: 

\ — 

^ 1 iw'w\^ , . z' , , . z , 
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We use the summation relation of the Hermite polynomials (Mehler formula, cf. equa- 
tion 10.13.22 in |5]) 

(5.14) 2^ — -Hn{x)Hn{y) = ^==exp -— ^ , kl < 1, 

Tl. V 1 — S 15 

n=o * 

where 



z' . z 



X = —i- 



y = i ; s = {w'wY^'^, 



V2¥ 
and we get 

1 2z'z + z''^w + z'^w' 

F = TTTT ; r . 

il-w'wf' 2(1 -w'w) 

Recalling ()5.10|) . we have 

K = {1- w'wY^^'F, 

and finally: 



[e-z,w, e^'u,') = (1 - ww') exp 



2zz' + z'^w' + z''^w 
2(1 - WW') ■ 



6. The group action on the base manifold 

We start this section recalling in ^6.11 some useful relations for representations of the 
groups Hi and SU(1, 1). Then we obtain formulas ()6.14|) . ()6.15p for the change of order 
of the action of these groups. 

6.1. Formulas for the Heisenberg-Weyl group Hi and SU(1,1). Let us recall 
some relations for the displacement operator: 

(6.1) F>{a) := exp(aa''' — aa) = exp(— -|ap) exp(aa''') exp(— aa), 



(6.2) D{a2)D{ai) = e'^'^("^'"^)D(a2 + ai), ^^(^2, ai) := ^^(asai). 

Let us denote by S the representation of the group SU(1, 1) and let us introduce 
the notation S_{z) = S{w), where w and z, w & C, \w\ < 1, z E C, are related by ()6.3c|l . 
(j6.3d|l . We have the relations: 



(6.3a) 


S{z) 


:= exp{zK^ — zK^), z E C; 


(6.3b) 


Siw) 


= exp{wK+) exp^rjKo) exp{—wK_); 


(6.3c) 


w 


= w{z) = — tanh {\z\) ,w E C, \w\ < 1; 


(6.3d) 


z 


= z(w) = -^arctanh ( 1(7 ) = — ^ log |^ 
\w\ 2\w\ 1 — \w\ 


(6.3e) 


V 


= log(l — ww) = — 2 log(cosh ( z )). 
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Let US consider an element g G SU(1, 1), 

(6.4) g=(^1 ^ ^ , where \a\' - \h\' = 1. 

Remark 1. The following relations hold: 

(6.5) S{z)e, = (1 - \w\^fe,,^, 

(6.6) Cg := S{g)eo = a-^ eQ^^_ib = [-) S{z)eo, 

(6.7) S{g)eo^y, = (a + 6w)~^''eo,g.^, 

where w G C, |w| < 1 and z E C in ()6.6p are related by equations ()6.3c|) . ()6.3d|) . anc? 
t/ie linear-fractional action of the group SU(1, 1) on the unit disk Di in ()6.7j) is 

, . aw+b 

(6.8) 9-w = r ^• 

ow + a 

We recall also the following property, which is a particular case of a more general 
result proved in [T^ : 

Remark 2. If S_{z) is defined by ()6.3a|l . i/ien.- 

(6.9a) iS(;22)iS(zi) = Siz,)^'^^^^- 

Wi + W2 



(6.9b) W3 



1 + ' 



(6,90) = i±i^^. 

1 + W1W2 

where Wi and Zi, i = 1,2, 3, in equation ()6.9b|) are related by the relations (I6.3cj) . ()6.3d|) . 

Comment 2. Note that when Z\,Z2 G M, then ()6.9a|) expresses just the additivity of the 
"rapidities" , 

S_{z2)S{zi) = S{Z2 + Zi), 
while (j6.9b|l becomes just the Lorentz composition of velocities in special relativity: 

Wi + W2 

W3 = . 

1 + W2W1 

6.2. Holstein-Primakoff-Bogoliubov-type equations. We recall the Holstein-Pri- 
makoff-Bogoliubov equations [Ml ,123 (see also IS^); ^ consequence of the equation ()4.5|) 
and of the fact that the Heisenberg algebra is an ideal in the Jacobi algebra ()3.4|) . as 
expressed in ()3.5cp - ()3.5ep : 

(6.10a) S-\z)aSiz) = cosh(|z|) a + ^ sinh(|z|) a+, 

(6.10b) S-\z)a+S{z) = cosh(|z|)a+ + ^sinh(|2|)a, 

and the CCR are still fulfilled in the new creation and annihilation operators. 
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(6.11) A={ j); V = V{z] ^ ^ ^ 



Let us introduce the notation: 

A 

A J' ^~ ^^^^ ~ \ P Q 
where 

(6.12) M = cosh (1^1); N = sinh (1^1); P = N; Q = M. 



Note that 

(6.13) D{z) = e^, where X :-- 



z 
z 



Remark 3. With the notation (|6.11|) . (|6.12j) . equations (j6.1(J|) become: 

S-\z)aS{z) = 'D{z)a. 

Using formula ()4.5|) . we obtain, as a consequence that the HW group is a normal 
subgroup of the Jacobi group, the relations ()6.14|) . ()6.15|) (or ()6.16|) ). which allow to 
interchange the order of the representations of the groups SU(1, 1) and HW: 

Remark 4. If D and S_{z) are defined by (j6.ip . respectively (|6.3ap . then 

(6.14) D{a)Siz) = Siz)D{p), 

where 

z — z 

(6.15a) /5 = a cosh (|2;|) — a— j- sinh (|z|) ; a = cosh (|2;|) + /3— j- sinh (|z|); 

a -aw (3 + (3w 

(6.15b) (3 = , ; a 



(l_|^|2)l/2 ' (l_|^|2)l/2- 

With the convention ()6.1ip . equation ()6.15a|) can be written down as: 

(6.16) p = 'D{-z)a; a = T){z)(3. 
Let us introduce the notation 

(6.17) Siz, 6) := exp{2ieKo + zK+ - zK_). 

Using ()4.5|) . more general formulas than Holstein-Primakoff-Bogoliubov equations 
()6.10|1 can be proved, namely: 

(6.18a) S(z,ey\z)aS{z,e) = ( cs ( x) +i9^-^) a + z^-^a+, 

X X 

(6.18b) S(z,e)-\z)a+S{z,e) = {cs{x)-te^-^)a+ + z^^a, 

X X 

where 

.„^„x / \ f cosh(x), if A = > 0, , I |2 /i2 

(6.19) CS(X):=<^ / \ -r X 2 n 'A ■= \z\ - G\ 

^ ' I cos(x), if A = -x^ < 0, ' ' ' 

and similarly for si (x). 

Let us consider X G su(l, 1), 

(6.20) ^ = f t 4^ ) , G K, ^ G C. 
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Then g = E SU(1, 1) is an element of the form (jfi.4|l . where 

^ si (x) , si (x) 

6.21 a = cs (x) + ie b = z^^. 

X X 

If5'=^^ SU(1, 1), then equations ()fi.l8|l can be written down as 

(6.22a) S~\g)aS{g) = aa + pa+, 

(6.22b) S-\g)a+S{g) = Pa + aa+, 

and we have the following (generalized Holstein-Primakoff-Bogoliubov) equations: 

Remark 5. If S denotes the representation o/SU(l, 1), with the convention ()6.1H) . we 
have 

(6.23) S-\g)~aS{g) = g-d. 

Applying again formula ()4.5|) . we obtain a more general formula than ()6.14|) . namely: 

(6.24) S{z, e)D{a)S{z, 6)-^ = D{ai), 
where 

si (x) 

(6.25) ai = ai{z, a,9) = a cs (x) + {i9a + za) . 

X 

Written down in the form similar to (j6.14p . equation (j6.24j) reads 

(6.26) D{a)Siz, 6) = S{z, e)D{(3i), 
where Pi = Pi{z, a, 6) = ai{z, —a, —9), i.e. 

(6.27) /?i = a cs (x) — {iOa + za) ' ^ ^ ,a = (3ics (x) + {i6(3i + z/3i) ^' '^"^^ 



X X 

Note that if 6^ = 0, then S_{z, 0) = S_{z) and Pi in ()6.27|) becomes Pi = P with P given 
by (IFTTHI) . 

We also underline that if z = in ()6.24|1 . then ()6.25j) becomes just 

ai = a(cos(|^|)+«^^^^^|^). 

Summarizing, we rewrite now equation ()6.24j) in the following useful form: 
Remark 6. In the matrix realization ()3.3|1 . equation ()6.24j) can he written down as 



(6.28) S{g)D{a)S-\g) = D{a 
where fl6.25|) has the expression of the natural action of SU(1, 1) x C ^ C: g ■ a := Ug, 

(6.29) = a a + 6 a, 
and a, b have the expression (|6.2H) . 
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Let US remark that the commutation relations ()3.5cj) - ()3.5ej) between the generators 
of the groups SU(1, 1) and HW were chosen in such a way that the action of the group 
SU(1, 1) on the complex plane M fa C = HifR be the natural one, cf. RemarkEl Such 
a choice of the action of the group SU(1, 1) on the group Hi, a normal subgroup of the 
Jacobi group G{, was inspired from the squeezed states in Quantum Optics (cf. e.g. 
j53j). If we had started from the natural action of SU(1, 1) on C given in Remark 
then the commutation relations ()3.5c|) - ()3.5e|) would had followed taking the derivatives 
in ()6.23|) realized as ()6.18p using the development ()6.21|) . 

Now we consider the product of two representations D and S and apply Remark^ 

(6.30) D{a2)S{z2)D{ai)S{zi) = D{a2)D{a)S{z2)S{zi), 
where 

(6.31) a = ai cosh {\z2\) + air— r sinh {\z2\), 

1^21 

or 

a = D(z)ai. 

Equations (j6.3(Jj) and (j6.3H) allow to determine 

Remark 7. The action: (a2, Z2) x (ai, wi) = {A, w), where Z2, ai,2, A E C, w,wi E Di 
and the variables of type w and z are related by equations fl6.3c|) . ()6.3dj) . can be expressed 
as: 

(6.32a) A = ^2 + «! cosh 1^2! + ttif— 7 sinh 1^2! = «2 + "-"^i '^1^2 



(6.32b) w 



Z2r ' ^ {i-\w2\'y/^' 

cosh 1 2:2 1 wi + sinh 12:21 wi + W2 
■p2- sinh b2|'U^i + cosh |2;2| 1 + W1W2 



Equations ()6.32p express the action {a2, W2) x (ai, wi) = (0:2 + 1^2 o ai, W2 o Wi), a\^2 G 
C, Wi,2 £ ()6.32|1 can be written down as: 

(6.33a) A = &2 + 'Dai, 

6.33b w = — — -. 

Pwi + Q 

Let us introduce the normalized vectors: 

(6.34) <i/a,u, ■■= D{a)S{w)eo; a G C, w eC,\w\< 1. 
As a consequence of ()6.30p . we have: 

Remark 8. The product of the representations D and S_ acts on the CS-vector ()6.34j) 
with the effect: 

(6.35) D{a2)Siz2)<^!a,,u,, = J*a,«„ where J = e^(''ft(°2,")+fc^^.). 

Above {A,w) are given by Remark[3 6h{a2,Ci) is given by ()6.2j) with a given by ()6.31|1 . 
while 6s is given by ()6.9c|) and the dependence W2 = W2{z2) is given by equation ()6.3c|) . 

Note also the following important property ()6.36p . well known in the Quantum Optics 
of squeezed states (see e.g. equation (20) p. 3219 in [53]): 
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Comment 3. The action of the HW group on the ("squeezed") state vector 

= Siz)D{a)e, 

modifies only the part of the HW group. More precisely, we have 

(6.36) D{[3)'^z, a = e^'^^z, a + 7, where rj = $5(70:), 
and 

(6.37) 7 = /3cosh(|2|) -/5^sinh(|z|), or 7 = 2)(-z)/3. 

Indeed, we apply formula ()6.14|) : 

D{(3)S{z)D{a) = S{z)D{-f)D{a), 

where 7 has the expression ()6.37|) . 

Then follows. ■ 

6.3. The action of the Jacobi group. Now we find a relation between the (normal- 
ized) vector (j6.34p and the (unnormalized) Perelomov's CS- vector (j4.3|) . which will be 
important in the proof of Proposition Q our main result of this section. 

Lemma 3. The vectors (j6.34|) . (j4.3p . i.e. 

:= D{a)S{w)eo; e^^w' '■= exp{za^ + w'K^)eo- 
are related by the relation 

(6.38) -^c,,w = (1 - wid)'' exp{-^z)e^^^, 
where z = a — wa. 

Proof Due to (j6.3a|) . ()6.3b|) . ()4.1b|) and (j4.1cj) . we have the relations 

= exp{wK^) exp(/c ln(l — ww))eo 
= {1 — ww)'' exi){wK^)eo, 

which is also a proof of ()6.5p . 
We obtain successively 



-^a,v. = (1 


- ww)^D{a 


)exp(i(7K+)eo 
— - ap) exp(aa"^ 








= (1 


— wwf exp( 


") exp( 


—aa) expl 


>K+)eo 


= (1 


— wwf exp( 


— - ap) exp(aa^ 


") exp( 


—aa) expl 


'^wKj^ exp(aa) exp(— aa)eo 


= (1 


— wwf exp( 


— - ap) exp(a;a^ 


")^eo, 







where here 

(6.39) E := exp(— aa) exp{wK+) exp(aa). 
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As a consequence of ()4.5|1 

exp(Z) exp(X) exp(-Z) = exp(X + [Z, X] + \[Z, [Z, X]] + ■ ■ ■ ), 
where, if we take Z = —aa; X = wK^, then 

[Z,X] = -awa+; [Z, [Z,X]] = a^w. 
We find for E defined by (|6.39p the value 

E = expw{Kj^ — aa^ + — ), 



and finally 



i.e. 



= exp(-^|a|^) exp(wy)(l - wwfco,- 



Comment 4. Starting from ()6.38|) . we reobtain the expression ()5.2j) of the reproducing 
kernel K . 

Indeed, the normahzation (\E'a,t„, \E'a,«;) = 1 implies that 
(6.40) (ea_^a,«;, ea_^<5,^„) = exp(|ap - — - c.c.)(l - wwy^^ . 

With the notation: a — = we have 

z + 

a 



1 — ww' 



and then ()f).4()|l can be rewritten as 

{ez,w, ez,w) = (1 - WW) exp — — , 

2[1 — WW) 

i.e. we get another proof of ()5.2p . ■ 
From the following proposition we can see the holomorphic action of the group Jacobi 



(6.41) := X SU(1, 1), 
on the manifold 1)( K2^ : 

Proposition 1. Let us consider the action S{g)D{a)ez,w, where g G SU(1, 1) has the 
form ()6.4|) . D{a) is given by ()6.1|) . and the coherent state vector is defined in ()4.3|) . 
Then we have the formula fl6.42|) and the relations ()6.43|) . ()6.44|) - ()6.46|) ." 

(6.42) S{g)D{a)ez,ui = Ae^^,^,, A = \{g, a; z, w), 

a — dw + z aw + b 

(6.43) zi = — — — ; wi = g-w = = — — , 

bw + a ow + a 

(6.44) A = {a + bw)~'^'' exp{^ao - ^02) expi6h{a,ao), 
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(6.45) ao = 

1 — WW 

(6.46) a2 = {a + ao)a + (a + ao)^- 

Corollary 1. The action of the 6- dimensional Jacobi group (16.411) on the ^-dimensional 
manifold ()4.2b|) . where Di = SU(1, 1)/U(1), is given by equations ()6.42|) . ()6.43|) . The 

composition law in G{ is 

(6.47) {gi, ai, ti) o {g2, a2, t2) = (fi-i o g2, g2^ ■ + "2, ti + ^2 + ^^(fl'2"^ • aitt2)), 
where g ■ a := Ug is given by ()6.29|) . and if g has the form given by ()6.4|) . then g~^ 



a 



Oig-i = aa — ha. 



Proo/ o/ Proposition HJ With LemmaEl we have e^^w = ^i^^ao^w, where ao is given by 
()6.45|) and Ai = exp(|Q;o)(l — |wp)~'^. Then I := S{g)D{a)ez,w becomes successively 

/ = XiS{g)D{a)^^,^^ 

= XiS{g)D{a)D{ao)S{w)eo 
= \2S{g)D{ai)S{w)eo, 

where ai = a + ao and A2 = Aie^^'^("i'"«\ With equations ^2^, we have 

/ = X2D{a2)S{g)S{w)eo, where 02 = aai+bai. But fl6.5|l implies / = XsD{a2)S{g)eo^yo, 
with A3 = A2(l — |wp)'^. Now we use (j6.7p and we find / = A4i5(a2)eo,iui, where in accord 
with ()6.8|) wi is given by ()6.43|) and A4 = (a + bw)~'^^\3. We rewrite the last equation 
as / = X5D{a2)S{wi)eo, where A5 = (1 — |u'ip)~'^A4. Then we apply again Lemma 01 
and we find / = XqCzj^^wi, where Xq = X^i^l — |wip)'^ exp(— ^Zi), and Zi = a2 — Wia2- 
Proposition n is proved. ■ 

Remark 9. Combining the expressions fl6.43|) - ()6.46|) . the factor X in ()6.42j) can be 
written down as 

(6.48) A = (a + 6w)-2'=exp(-Ai), 
where 

bz'^ + {aa + ba){2z + zo) 

(6.49) Ai = n/- , z \ ' ^0 = a - aw, 

2(a + bw) 

or 

(a c;n^ \ Kz + Zof _ Zq 

(6-50) Xi= +a[z + —). 

2{a + bw) 2 

Note the expression (j6.48j) - (j6.5(J|) is identical with the expression given in Theorem 1.4 
in |2H1 of the Jacobi forms, under the the identification of c, d, r, z, n, X in |25] with, 
respectively, b,d,w, z,a, —a in our notation. Note also that the composition law ()6.47j) 
of the Jacobi group G"^ and the action of the Jacobi group on the base manifold (14.2b|) 
is similar with that in the paper [ISj. See also ^and the Corollary 3.4.4 in |19|. 
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7. The symmetric Fock space 
We recall the construction ()2.(jj) of the map 

$ : ^ 9^:k; $W = U, U{z) := (e„ V^):k, 

and the isometric embedding ()2.8|) . 

Knowing the symmetric Fock spaces associated to the groups HW and SU(1, 1), we 
shall construct in this section the symmetric Fock space associated to the Jacobi group. 

We begin recalling the construction for 

7.1. The Heisenberg-Weyl group. In the orthonormal base ()5.9|) . Perelomov's CS- 
vectors associated to the HW group, defined on M := i^i/R = C, are 



(7.1) e, := e^^\o = Yl 



\n >, 



(7.2) /|„>(2;):=(e,-,|n>) 



(n!)i/2 

and their corresponding holomorphic functions are (see e.g. ^) 

(n!)V2- 

The reproducing kernel K : C x C — C is 

(7.3) K{z, z ) := (es, CgO = ^ f\n>{z)f\n- 

where the vector is given by ()7.1|) . while the function /|„>(z) is given by ()7.2|) . In 
order to obtain the equality ()7.3|1 with given by (jHH), equation is used. 
The scalar product ()2.H1 on the Segal-Bargmann-Fock space is (cf. j^) 

(0,^):k* = (/?i,/v)3^„ = ~ / /0(2;)/^(2;)e"l''l'd3fJzed3z. 



Now we recall the similar construction for 



7.2. The group SU(1,1). In the orthonormal base ()5.7j) . Perelomov's CS-vectors for 
SU(1, 1), based on the unit disk Di = SU(1, 1)/U(1), are 

7.4 := e^^ + eo = > r^eo = > — , 

^ n\ ^ nlakn 

and the corresponding holomorphic functions are (see e.g. equation 9.14 in j2j|) 



^'7P.^ , f ^ ^ ^ r(r2 + 2fc) , 

(7.5) /e,,fc+„(2;) := (eg, 6^,^+^) = W ^^j^^^ ' 

The reproducing kernel K : "Di x ^ C is 

(7.6) Kiz,z') := (e,-,e,0 = /e,,,^^(^)/^ 

where the vector is given by ()7.4j) . while the function fekk+mi^) given by ()7.5|1 . 
In order to obtain the equality ()7.6p for given by ()7.4|) . the orthonormality given by 
()5.7p is used, while for the second equality involving the functions ()7.5|) . use is made of 
equation ()5.8j] . 
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The scalar product ()2.1|1 on T>i = SU(1, 1)/U(1) is (see e.g. equation 9.9 in 



.^W' = {U,Uh:^ = / U{^)U{^){1 - \z\'f'-'d^zdQz,2k = 2,3,.... 

'kl<l 



7.3. The Jacobi group. In formula ()4.3p defining Perelomov's CS vectors for the 
Jacobi group ()6.4H) . we take into account ()5.4a|) . ()5.6a|) and we have 

Cz^w = exp(za^ + -{a+Yw) exp{wK'^)eo. 



n 



With dni, (Em), we have 
Now we take into account ()5.7|) and we get 

n * m 

The base of functions associated to the CS- vectors attached to the Jacobi group ()6.4H1 . 
based on the manifold M ()4.2b|) 

(7.7) f\n>;ey^y^^{z,w) := (es,io, 1?^ > ek',k'+m), zeC, \w\ < 1, 

consists of the functions 



(7.8) fln>;e,,,Jz,w) = (n!)-V^(^)" J ^i7 ^^-^f ' 



y m!r(2A;') '^2^' 
Using the equation ()5.12|) . we can write down 

(7.9) {^)-w^H^{^):=P^{z,w), 

v2 v2w 

where the polynomials Pn{z,w) have the expression 



n-2k 



With the notation ()7.9p . equation ()7.8|1 can be written down as 

(7-11) f\n>;ey.,^Jz,w) = feyu.Jw) 



Pniz,w) 



where the functions fey are defined in ()7.5|) . 
Above we have 2k = 2k' + 1/2 and m = 0, 1, . . .. 

In order to illustrate ()7.1()|1 . we present the first 6 polynomials Pn{z,w): 



Po = 1; Pi = z; 

(7.12) p^ = z^ + w; P-i = z^ + ^zw] 

P^ = z'^ + Qz'^w + 3^2; p^ = + lOz^w + 15zw. 



22 STEFAN BERCEANU 

The reproducing kernel : M x M — C has the property: 

(7.13a) K{z, w; z, w') := (e^,^, es',w') = ^ f\n>,ey^,,+^{z, w)f\n>,ey^y+^{z\ w') 



n,m 



(7.13b) = iX-ww') ^''exp ^ ^ . 

^ ^ V ; P 2(1 -WW') 

The fact that the coherent state vectors ()4.3|1 have the scalar product given by (j7.13bj) 
was proved in Lemma El equation ()5.3|1 . In order to check up the equality ()7.13j) for the 
functions ()7.8|) . we use the form ()7.11|) . sum up the part corresponding to the functions 
()7.5p using the summation formula ()7.6|) for /c', while for the part corresponding to the 
mixed part Pj^z.vS) in ()7.1H) . we go back with ()7.9p to the representation ()7.8|) . and 
we apply again the summation formula ()5.14|) of the Hermite polynomials. 

In accord with the general scheme of §2.11 the scalar product ()2.1|1 of functions from 
the space "Sk corresponding to the kernel defined by ()5.3|1 on the manifold (j4.2bjl is: 

(7.14) {^,ip)=A f^{z,w)f^{z,w){l-wwy^exp— ^exp-— —du, 

JzeC;\w\<l l-ww 2{l-ww) 

where the value of the G'^- invariant measure di' 

(7.15) du = ^^^^^ d^zd^z 

(1 — WW)'^ 

will be deduced latter in ()7.22p . in accord with the receipt ()2.2|) . 

In order to find the value of the constant A in ()7.14p . we take the functions (p^ip = 1, 
we change the variable z ^ [1 — wwY^'^z and we get 

r r z^vi A- z^m 

1 = A {l-wwf^-^d^wd'^sw exp(-|;znexp( )d^zd'^z. 

J\w\<i Jzec 2 

We apply equations (Al), (A2) in j4]: 

I{B,C)= / exp{-{z.Bz + z.Cz))7r'''e-\'\'Y[d^Zkd'^Zk = [det{l-CB)]-^2, 

k=i 

where B, C are complex symmetric matrices such that \B\ < 1,|C| < 1. Here n = 1, 
B = —w, C = —w. So, we get 

l = nA [ (1 - wwf''~^/^d^wd'^w. 

J\w\<l 

But 

d^wd'^w 71 

where A < 1, 



H<i(l-|w|2)A 
and we find out the value of the constant A in ()7.14|1 : 
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7.4. The geometry of the manifold C x !Di. Now we follow the general prescription 
of ^2.21 We calculate the Kahler potential as the logarithm of the reproducing kernel 
dEl, / := logK, i.e. 

7.17 / = — 2k\og{l -ww). 

2(1 — ww) 

The Kahler two-form uo is given by the formula: 

(7.18) —ioj = fzzdz A dz + fzwdz Adw — fzwdz Adw + f^wdw A dw. 

The volume form is: 

fzz fz 

fzW fvL 

We start calculating the partial derivatives of the function /. We have 

z + zw 



(7.19) -ujAu 



I zw 

I WW 



dz Adz A dw A dw. 



fw 



1 — ww' 
z^ + w{2zz + z^w) 2kw 



— 5 



2(1 — ww)'^ 1 — WW 

f _ A" ^ 2k 

2{1 — ww)'^ {1 — wwy 

where A" is 

A" = {2fw + 2zz){l - wwf + 2w{l - ww){z'^w^ + 2zzw + z^) = (1 - ww)A' . 
Here A' is 

A f 22 22 2 

A = 2z w + 2zz — 2z w w — 2zzww + 2z ww + Azzww + 2z w. 
and we have finally 

A' = 2{z + wz){z + wz). 
So, we find for the manifold ()4.2|) the fundamental two-form uj fj7.18|) . where 

(7.20a) fz-z ^ 



1 — ww'' 



(7.20b) fz^ " + 



(1 — wwY ' 

(7.200) u = (i±J££)(£i^ + 

(1 — wwy^ (1 — wwy 

We can write down the two-form oj (I7.18j) - ()7.20j) as 

• 2A; , AAA ^ , _ , z + zw 

(7.21) —luj = ^TT^dw A dw ^ ^, A = dz + aodw, ao = -. 

(1 — ww)"^ 1 — WW 1 — WW 

For the volume form ()7.19j) . we find: 

(7.22) to Auj = 4:k{l-ww)-H^zQz^wQw. 

It can be checked up that indeed, the measure dv and the fundamental two-form uj 
are group-invariant at the action ()6.43|) of the Jacobi group ()6.4H) . 
Now we summarize the contents of this section as follows: 
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Proposition 2. Let us consider the Jacobi group G{ ()fi.4H) with the composition rule 
(j6.47|) acting on the coherent state manifold (j4.2j) via equation (16 .43^ . The manifold 
Tif has the Kdhler potential (j7.17|) and the G(-invariant Kdhler two-form uj given by 
()7.21|) . The holomorphic polynomials ()7.7p associated to the coherent state vectors fl4.3p 
are given by fl7.11|) . where the functions f are given by fj7.5|) . while the polynomials P 
are given by ()7.10|) . The Hilbert space of holomorphic functions 3^k associated to the 
holomorphic kernel K : 'Df x Tif — C given by ()5.3|) is endowed with the scalar product 
(|7.14p . where the normalization constant A is given by (|7.16p and the G{ -invariant 
measure dv is given by (j7.15j) . 

Recalling Proposition IV. 1.9. p. 104 and Proposition XII. 2.1 p. 515 in [1^, Propo- 
sition^ can be formulated as follows: 

Proposition 3. Let h := {g,a) G G(, where Gf is the Jacobi group ()6.41|) . and we 

consider the representation iT{h) := S{g)D{a), g G SU(1, 1), a G C, and let the notation 
X := {z,w) G T)( := C X Di. Then the continuous unitary representation (ttj^, 
attached to the positive definite holomorphic kernel K defined by ()5.3|) is 

(7.23) {7^K{h).f){x) = J{h-\x)-'f{h-\x), 

where the cocycle J{h~^,x)~^ := X{h~^,x) with A defined by equations (j6.42j) - (j6.46|) and 
the function f belongs to the Hilbert space of holomorphic functions "Kk = "S^k endowed 
with the scalar product ()7.14|) . where A is given by ()7.16|) . 

Remark 10. The equations of the geodesies on the manifold endowed with the 
two- form (|7.2H) in the variables w G Di, -z G C are 

(7.24a) 2k--M^f + 2(2k--^l)---^l(-r = 0; 

, ^, d'^w ,dz.^ „ dz dw ,.,w ^,,dw,^ 

where is given by ()6.45|) and P = 1 — ww. 
8. Physical applications: classical and quantum equations of motion 

We consider applications of the formulas ()4.4|1 proved in this paper for the Jacobi 
group Gf to equations of motion on the CS-manifold T)(. This extend our previous 
results for hermitian groups [71 [H] or semisimple groups which generate CS-orbits ^U] 
to an example of non-reductive CS-group. 

Passing on from the dynamical system problem in the Hilbert space !K to the cor- 
responding one on M is called sometimes dequantization, and the system on M is a 
classical one [7] , jS] • Following Berezin jTH] , the motion on the classical phase space can 
be described by the local equations of motion 

(8.1) = z^}, 

where is the energy function attached to the Hamiltonian H. In (|8.ip {■, ■} denotes 
the Poisson bracket: 
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where S are defined in ()2.4|1 . Tlie equations of motion (jH.lll can be written down as 



(8.2) t\ ^ 1 ( M = - ( I :k. 

dz 




d 



-g 

We consider an algebraic Hamiltonian linear in the generators of the group of sym- 
metry 

(8.3) H = Y,^xXx. 

AeA 

We recall (cf. [HIH]) that if the differential action of the generators of the group G is 
given by formulas ()2.11|) . then classical motion and the quantum evolutions generated by 
the Hamiltonian ()8.3|) are given by the same equations of motion 1)8.11) on M = G/H: 

(8.4) izg = y^^exQyg. 

A 

The two-form form u on M permits to determine the Berry phase jH]. 
Let us consider a linear Hamiltonian in the generators of the Jacobi group ()6.41|1 : 

(8.5) H = eaa + eaa^ + eoKo + e+K+ + e-K_. 
We have 

Remark 11. The equations of motion on the manifold ()4.2b|) generated by the linear 
Hamiltonian ()8.5|1 are given by the matrix Riccati equation: 

(8.6a) iz = ea + + e^zw, 

(8.6b) iw = e_ + (cq + eo)^ + e+w^. 

Note that the second equation ()8.6b|) is a Riccati equation on Di. The procedure of 
linearization of matrix Riccati equation on manifolds is discussed in j^. 

An interesting development of the present construction should be to consider nonlin- 
ear CSs [021 attached to a deformed Jacobi group. However, difficulties in the physical 
interpretation of the creation and annihilation of g-deformed oscillator, related to the 
quantum groups SUg(2) [22], appear as these are symmetric but not self-adjoint oper- 
ators [13]. 

9. Comparison with Kahler-Berndt's approach 

Rolf Berndt -alone or in collaboration - has studied the real Jacobi group G'^(M) in 
several references, from which I mention 02111211201 • The Jacobi group appears (see 
explanation in ^^) in the context of the so called Poincare group or The New Poincare 
group investigated by Erich Kahler as the 10-dimensional group G^ which invariates a 
hyperbolic metric [SZl ISEl jSH] • Kahler and Berndt have investigated the Jacobi group 
G'o(IR) •= SL2(M) IX acting on the manifold X^^ := "Ki x C, where "Ki is the upper 
half plane "Ki := {v G C\%v) > 0}. 

For self-contentedness, in Remarks II 21 and fT^ below, we briefly proof two results from 
|19j . which we need in order two express our two form u in the coordinates used by 
Kahler and Berndt. 
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Remark 12. The action of Gq{M.) on X( is given by {g, {v,z)) (^1,2:1), g = {M,l), 
where 



(9.1) 



av + b z + I1V + I2 , , 
■^1 = : — Zi = : — ; M 



cv + d 



cv + d 



Proof. Let us use the notation of [1^]. We denote G'^{ 
H(R) is the real HW group with the composition law: 



(9.2) (A, fi, k){X', fi', k!) = (A + a', /i + /i', K + k! + 



SL2(M) K iJ(M), where 



X 




X 


= det ^ 




X' 




X' 





If ^ = (M,X,k) e G-^{R), where M e SL2(M), X = (X, /?) G M^, then the 

composition law in the real Jacobi group is 



(9.3) 



gg' = {MM', XM' + X\k + k' + 



XM' 
X' 



The action of G-^(M) over the H{R) is 

(9.4) M(X, k)M-^ = {XM-\ k). 

Let us consider the Iwasawa decomposition for a matrix M G SL2( 



M 



1 X 
1 



(9.5) 
If 

(9.6) M 
then we find for x, y, 9 in ()9.5p 



yV2 




cos sin 
— sin 9 cos 



y>0. 



a b 
c d 



,^ ac + bd 

(9-7) ^ = 1/ 



rf2 + c2 



sin 



Vc2 + c/2' 



COS^ 



d 



V^Td? 

For (7 = (M, X, k) G G"^(M), the EZ-coordinates (Eichler-Zagier, cf. the definition at p. 
12 and p. 51 in (TH]) are (x, y, 9, A, /x, k). Let t = x + iy & z = ^ + irj = pr + q, 
where 



(9.^ 



(p, g) = XM^^ = (Xd - /ic, -A6 + fxa) 



Using the multiplication law ()9.3|) . the Iwasawa decomposition ()9.5|) and the equations 
(mil), (EH), we find the action of G-^(R) on the base X( 



(9.9) 

and Remark El is proved. 
Let us now recall that 



,aT + b z + \t + 
' CT + d' CT + d ' 



(9.10) 



C-iSL2(M)C = SU(1, 1), where G 



I % 
-1 1 
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(9.11) M* = C-^MC = { % ^ ) , a,/3eC, |a|'-|/?|' = l, 



If M G SL2(M) is the matrix ()9.fij) . then, under the transformation ()9.1()|1 

a P 
P a 

where 

(9.12) 2a = a + d + i{b- c); 2(3 = a - d - i{h + c). 

Now we pass to the complex group = C^^G"^ {M)C . We recall that the Jacobi 
group is a group of Harish- Chandra type, (cf. e.g. p. 514 in see the defini- 
tion in Ch. Ill §5 in [22] and Ch. XII. 1 in [52 ). Moreover, it is well known that the 
Jacobi algebra ()3.4jl is a CS-Lie algebra (cf. e.g. Theorem 5.2 in jlEj)- The correspon- 
dence between our notation and that of Berndt-Schmidt at p. 12 in ^Hj is as follows: 
a"*", a, K+, K_, 1, Kq corresponds, respectively to: F„, X^, — X_, —Zq, ^Z. See also 
our Remark ITHl below. 

We see that under the transformation ^J^, g = {M,X,k) e SL2(M) k H{R) is 
twisted to g* = (M*,X*,/t), where M* is given by ()9.1H) . while, due to action ()9.4|) . 
X* = XC= {iX- fi,iX + fi). 

Also the map ()9.1Up induces a transformation of the bounded domain Di into the 
upper half plane IKi and 

(9.13) r G JCi ^ r* = C-\t) = G ©i. 

T + i 

The action C~^Gq(R)C descends on the basis as the biholomorphic map: C^^ : X( : = 
JCi X C := T>i X C: {t, z) ^ {t*,z*). Here r* is given by while ;z* = 

p*r* + So, (p,g) = (A,/i)M-\ and (p*, g*) = (A*,/i*)M*-\ But M* = C'^MC, 
and (p*, q*) = {p, q)C = {-q + ip,q + ip), and we get z* = Note that at p. 53 in 
jl9j the factor 2i in this formula is missing. 
In a different notation, we have shown that 

Remark 13. The action C^^Gq{W)C , descends on the basis as the biholomorphic map: 
C-^ : Xi := :Ki X C ^ V( := Vi x C.- 

(9.14) w = ; z = , w G Di, V e:Ki,zeC. 

V + i V + i 

The Gq(M) -invariant closed two-form considered by Kahler-Berndt is: 

dv A dv 1 — u — u 

(9.15) to' = a- — + (3 -B AB, B = du -dv, v,ueC, Q(v) > 0, 

[v — V)'^ V — V V — V 

cf.§36 in [3n]; see also §3.2 in |17|, where the first term is misprinted as a^^^^. 
Under the mapping ()9.14|1 . the two- form uj (I7.21|) reads 

2k 2 - 

(9.16) -ioj = -— dvAdv + — rBAB, 

[v — vy i[v — V) 

i.e. ()9.15|) . In fact, we have proved that 

Remark 14. When expressed in the coordinates {v, u) G which are related to the 
coordinates {w,z) G by the map ()9.14|) given by Remark I13L our Kdhler two-form 
(j7.2ip is identical with the one (|9.16|) considered by Kahler-Berndt. 
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If we use the EZ coordinates adapted to our notation 

(9.17) V = X + iy; u = pv + q, x,p,q,y EM.,y > 0, 

the Gq (R)-invariant Kahler metric on X"' corresponding to the Kahler-Berndt's Kahler 
two-form uj ()9.16|) reads 

k 1 

(9.18) ds'^ = —{dx^ + dy^) + -\{x^ + y^)dp'^ + dq^ + 2xdpdq], 

2y^ y 

i.e. the equation at p. 62 in [19j or the equation given at p. 30 in [T7j . 

The Kahler two-form ()9.15|) of Kahler-Berndt corresponds (cf. equation (9) in Ch. 
36 of jnZ|) to the Kahler potential 

(9.19) /' = _^log!iZ^-^vr/^^^i^,«GC, vE^,. 

2 2i V — V 

The Kahler potential ()9.19j) . corresponds to some (Kahler) Perelomov's CS-vectors 
based on the CS-manifold Xf on which the group G'o(M) acts via the the action ()9.1|1 . 
which, instead of the scalar product K ()5.2p . should have a scalar product K' in the EZ 
coordinates ()9.17|) x,y,p,q 

(9.20) K' = y~^ exp(27r^p2y). 

It would be interesting to extend eq. (j9.16p to the case if„ x Sp(n, M), see reference 
|14|| . This would be useful for a better understanding of the Gaussons [HUl IT|. 

10. Some more comments 

Remark 15. We have called the algebra (j3.4|) . the Jacobi algebra and the group (j6.4ip . 
the Jacobi group, in agreement with the name used in ^\ or at p. 178 in [S2], where 
the algebra q( := f)i x 5l(2,M) is called "Jacobi algebra". The denomination adopted 
in the present paper is of course in accord with the one used in FB2 because of the 
isomorphism of the Lie algebras su(l, 1) ~ s[(2,M) ~ sp(l,M)(~ so(2, 1)). Also the 
name "Jacobi algebra" is used in p. 248 to call the semi-direct sum of the {2n + 1)- 
dimensional Heisenberg algebra and the symplectic algebra, t)Sp := f)„ x sp(n, M). The 
group corresponding to this algebra is called sometimes in the Mathematical Physics 
literature (see e. g. §10.1 in P, which is based on jSO]) the "metaplectic group", but in 
reference [^2] the term "metaplectic group" is reserved to the 2-fold covering group of 
the symplectic group, cf. p. 402 in (see also |3] and [33]). Other names of the meta- 
plectic representation are the oscillator representation, the harmonic representation or 
the Segal- Shale- Weil representation, see references in Chapter 4 of [29j and [T^ . 

Remark 16. We now discuss the Jacobi algebra (j3.4|) from the view point of the book 
|52j . We know (cf. Lemma XII. 1.20 p. 509) that quasihermitian Lie algebras, i.e. Lie 
algebras for which a maximal compactly embedded subalgebra t (cf. Definition VII. 1.1 
p. 222 in |Sg) satisfies the relation = t (cf. Definition VII.2.15 p. 241 in [S21), 

admit the 5-grading of the complexification 0c = © Pj!" © © © P7, where I is the 
maximal compactly embedded subalgebra of g, p^ (pr) represent the semisimple roots, 
(respectively, the solvable roots) (cf. Definition VII.2.4 p. 234 in |S2]), while "+" (""") 
refers to the positive (respectively, negative) roots with respect to a A+ adopted positive 
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system (cf. Definition VII. 2. 6 p. 236 in [521)- But the Jacobi algebra is quasihermitian, 
cf. Example VIII. 2. 3 p. 294 in [52j, with t = {0} © R © u(l) a compactly embedded 
Cartan algebra and also a maximal compactly embedded subalgebra of q'^ (cf. Example 
VII.2.30 p. 249 and Example XII.1.22 p. 513 in 52 ). So, the generators K+, K_, a+, 
a of the Jacobi algebra ()3.4p belong to p^, p~ , p^, respectively p~, 1 belongs to the 
K-part of 6, while Kq belongs to the u(l)-part of t. Note that due to relation ()3.5d|) . the 
subalgebra p"*" = © which appears in the definition ()4.3|) of Perelomov's coherent 
state vectors is an abelian one, as it should be (cf. Lemma XII. 1.20 p. 509 in 52J). 

Remark 17. We emphasize that the representation given in Lemma^zs different from 
the extended metaplectic representation (cf. p. 196 in [21], see also [SHI)- As was 
already mentioned, the Jacobi algebra admits a realization as subalgebra of the Weyl 
algebra Ai of polynomials in p, q of degree < 2. In the present paper we have presented 
a realization of the Jacobi algebra as subalgebra of the Weyl algebra A2 defined by 
holomorphic first order differentials operators with holomorphic polynomials of degree 
< 2. This algebra is realized in the variables x = {z,w) G 'Df. We recall that the only 
finite-dimensional non-solvable Lie algebras that can be realized as Lie subalgebras of 
the complex Weyl algebra Ai are: 5p(l,M), sp(l,M) x C and the Jacobi algebra [HI], 
i36j, [57,. 



Remark 18. Note that the expression (j5.3|) of the reproducing kernel is the particular 
case n = 1, 2/c = i of the reproducing kernel on the space 'D;( := C" x where "Dn is 
the Siegal ball, at p. 532 in the book of K.-H. Neeb or in the article [32] and (5.28) 
in the book EHl. See also 



11. Appendix 
For self-completeness, we also give 

Proof of ()5.9|) . We shall calculate 

K;m ■= (eo,a"(a^)'"eo). 

We shall use the formula 

m—1 

(11.1) [A, B""] = ^ B'[A, B]B"'-'-\ 

s=0 

for A = a"^, B = a+. We have 

m—1 

[A, B'^] = -J2 B"[B, A]B'^-'-\ 

But 

n— 1 n— 1 

[B, A] = [a+, a"] = ^ aP[a+ , a]a"-P-^ = - ^ a"'^ = -na"-\ 

p=0 p=0 
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and 

m— 1 
s=0 

SO, we have 

^n.m ^'^n— l;m— !• 

If n = m, then Xnn = n\. If n < m, then A„;m = ct(eo, [a, (a"'")^]eo), where p > 1. But 

[«, = E^;J(«+)1«,«"'](«'')^"'"' = and Xn-m = ctieo, (a+f-'eo) = 0. 

Similarly, if n > m, then [a^, a"*"] = pa^^^ and also Xn-m = ct(eo, a^~"^eo) = 0. 
So, we have A^-m = n\5n-m- B 



Proof of ()5.7|) . We calculate /i„;m := (eo, C'„;meo), where C„;rrt = K'lK^, using (jll.ll) 
with A = and B = K+. We 'find 

m— 1 



But 



We find 
where 

and we get 
But 



and 



s=0 



n—l n—1 

p=0 p=0 
n—l n—l 

= -2 ^ [Ko, Kl-"-'] - 2 5^ K'_K1-'-'Ko 

p=0 p=0 
n-1 

= -2nKr'Ko-2^K^[Ko,Kr^-']. 
/i„;^ = 2n(eo, K^_-'KoK^-'eo) + R, 

n—l 

R := 2(eo,i?oeo); Ro := J2 K^_[Ko, KT'-']K^r' ^ 

p=0 

IJn;m = 2nfc/i„_i,^_i + 2n(eo, K'!-i[Ko, K™-i]eo) + R. 

m-2 

k=0 
n—p—2 

q=0 
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We get successively 

n-l 

-Ro = - -P- l)Cn-l;m-U 

p=0 

R = -n{n - l)//n-l;m-l, 

and 

A*n;m = (2nA; + 2n(m - 1) - n{n - 

_n\{2k + n- 1)! _ n!r(2A; + n) 
~ (2A;-1)! ~ V{2k) ' 
If n < m, then there is a p > 1 such that 

which leads in the expression of iin-^m to the term 2KoK^^, and, after acting to the 
left with Kq, we get a contribution. 
Similarly, if n > m, then 

p-1 

and s = p — 1 in the sum. Acting on the right with Kq, the contribution is also 
because of the action on the right with K^~^ . ■ 
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